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Abstract
We derive the component on-shell action of the space-filling D3-brane, i.e. N = 1 supersymmetric Born-
Infeld action, within the nonlinear realization approach. The covariant Bianchi identity defining the N = 1,
d = 4 vector supermultiplet has been constructed by introducing a new bosonic Goldstone superfield associated
with the generator of the U(1) group, which transforms to each other the spinor generators of unbroken and
spontaneously broken N = 1, d = 4 supersymmetries. The first component of this Goldstone superfield is the
auxiliary field of the vector supermultiplet and, therefore, the Bianchi identity can be properly defined. The
component action of the D3-brane has a very simple form, being written in terms of derivatives covariant with
respect to spontaneously broken supersymmetry - it just mimics its bosonic counterpart.
1 Introduction
The idea of partial breaking of global supersymmetry is quite useful being applied to superbranes (see e.g. [1] and
references therein). In such an approach the physical worldvolume superbrane degrees of freedom are described
by Goldstone superfields. A part of the supersymmetry is realized linearly providing the standard worldvolume
superfield description of the superbrane, while the rest of the target supersymmetry is realized nonlinearly. The
main difficulties encountered in the application of the standard methods of nonlinear realization [2, 3] to the
construction of the superbrane actions is the absence of the systematic procedure for deriving the superfield actions.
This is the result of partial breaking of the supersymmetry, because in the case of the total supersymmetry breaking
[4] the action can be immediately constructed in terms of the corresponding Cartan forms. The reason for this is
obvious: the superfield Lagrangian is not invariant with respect to supersymmetry. Instead, it is shifted by the
full space-time derivative under supersymmetry transformations and, therefore, it cannot be constructed from the
Cartan forms.
It has been shown in [5] that the nonlinear realization approach can be used for deriving the superfield constraints
and the equations of motion as the direct covariantization of those describing the free system. However, the situation
with obtaining the action at the superfield and/or at the component level was still unsolved. As a partial way
out, it was proposed in [6, 7] to construct the on-shell component action within the nonlinear realization approach.
The main novelty of the proposed scheme was shifting attention from unbroken to broken supersymmetry. Indeed,
it is always possible to realize the spontaneously broken part of supersymmetry in such a way as to keep the
θ-coordinates of unbroken supersymmetry invariant. If such a basis is chosen, then each component of Goldstone
superfields transforms independently from the remaining ones. Then, one may use the broken supersymmetry to
construct the covariant measure and the covariant derivatives with respect to it, using them to derive the component
action. Within such an approach the component actions for many interesting branes were constructed [8, 9, 10].
However, in all considered cases the physical bosonic degrees of freedom contain only scalar fields. These scalars
were associated with the Goldstone fields for partially broken translations and, therefore, all physical components
appeared as the coordinates of the corresponding coset. Thus, all D-branes, including supersymmetric Born-Infeld
theories were out of the game. The main difficulty preventing from the direct extension of our scheme to the
cases of theories with vector fields was the impossibility to derive the covariant Bianchi identity. So, we meet the
same problem that has been discussed in the pioneering paper on this subject [11]. Roughly speaking, the direct
covariantization of the constraints defining the N = 1, d = 4 vector supermultiplet, i.e.
Dαψ
α +Dα˙ψ¯α˙ = 0 ⇒ ∇αψα +∇α˙ψ¯α˙ = 0
implies the equations of motion. The main task of this paper is to derive the proper covariant Bianchi identity
(Section 3) and to construct the corresponding component action (Section 4).
2 Sketch of Bagger & Galperin results
The superfield action of D3-brane, i.e. N = 1 supersymmetric Born-Infeld action [12], realizing the N = 2→ N = 1
partial spontaneous breaking of d = 4 supersymmetry, was obtained many years ago in the paper of J. Bagger
and A. Galperin [11] within the linear realization approach. Then, the same action has been reproduced using the
nilpotent superfields in [13]. In any case, the main conclusion which follows from these papers is the claim that
partially broken N = 2 supersymmetry with the N = 1 vector supermultiplet as the Goldstone one uniquely fixes
the action to be the N = 1 supersymmetric Born-Infeld action of [12]. Therefore, it is quite natural to construct
the D3-brane action within the nonlinear realization approach, at least at the component level. And indeed the
paper [11] started with the corresponding consideration. Unfortunately, the story stops quite quickly, because the
proper covariantization of the irreducibility constraints, which would single out the N = 1 vector supermultiplet,
is not trivial. Let us remind shortly this part of the paper [11] to visualize the problem and to fix our notations.
Starting from N = 2, d = 4 supersymmetry algebra{
Qα, Qα˙
}
= 2Pαα˙,
{
Sα, Sα˙
}
= 2Pαα˙, (2.1)
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where Qα and Sα are the supersymmetry generators and Pαα˙ is the generator of four dimensional translations, one
may realize this algebra in the coset parameterized as
g = eix
αα˙Pαα˙ei(θ
αQα+θ¯α˙Q
α˙)ei(ψ
αSα+ψ¯α˙S
α˙). (2.2)
Using the Cartan forms
g−1dg = iωαα˙P Pαα˙ + iωQ
αQα + iω¯Q α˙Q
α˙ + iωS
αSα + iω¯S α˙S
α˙,
ωαα˙P = dx
αα˙ − i (θαdθ¯α˙ + θ¯α˙dθα +ψαdψ¯α˙ + ψ¯α˙dψα) ,
ωQ
α = dθα, ω¯Qα˙ = dθ¯α˙, ωS
α = dψα, ω¯Sα˙ = dψ¯α˙, (2.3)
one may define the covariant derivatives
∇αα˙ =
(
E−1
)ββ˙
αα˙
∂ββ˙, E
ββ˙
αα˙ = δ
β
αδ
β˙
α˙ − iψβ∂αα˙ψ¯β˙ − iψ¯β˙∂αα˙ψβ ,
∇α = Dα − i
(
ψ¯β˙Dαψ
β +ψβDαψ¯
β˙
)∇ββ˙ = Dα − i(ψ¯β˙∇αψβ +ψβ∇αψ¯β˙)∂ββ˙ ,
∇α˙ = Dα˙ − i
(
ψ¯β˙Dα˙ψ
β +ψβDα˙ψ¯
β˙
)∇ββ˙ = Dα˙ − i(ψ¯β˙∇α˙ψβ +ψβ∇α˙ψ¯β˙)∂ββ˙ . (2.4)
The expression of the flat covariant spinor derivatives has the standard definition
Dα =
∂
∂θα
− iθ¯α˙∂αα˙, Dα˙ = − ∂
∂θ¯α˙
+ iθα∂αα˙,
{
Dα, Dα˙
}
= 2i∂αα˙. (2.5)
The covariant derivatives given in (2.4) obey the following (anti)commutation relations{∇α,∇β} = −2i(∇αψγ∇βψ¯γ˙ +∇βψγ∇αψ¯γ˙)∇γγ˙ ,{∇α,∇α˙} = 2i∇αα˙ − 2i(∇αψγ∇α˙ψ¯γ˙ +∇α˙ψγ∇αψ¯γ˙)∇γγ˙ ,[∇α,∇ββ˙] = 2i(∇αψγ∇ββ˙ψ¯γ˙ +∇ββ˙ψγ∇αψ¯γ˙)∇γγ˙ ,[∇αα˙,∇ββ˙] = 2i(∇αα˙ψγ∇ββ˙ψ¯γ˙ +∇αα˙ψ¯γ˙∇ββ˙ψγ)∇γγ˙ . (2.6)
The final step is to find the covariant version of the flat constraints
Dα˙Wα = 0, DαW α˙ = 0 (a), DαW
α +Dα˙W α˙ = 0 (b), (2.7)
selecting the N = 1, d = 4 vector supermultiplet Wα,W α˙ [14]. It was shown in [11] that the chirality constraints
(2.7a) can be directly covariantized
∇α˙ψα = 0, ∇αψ¯α˙ = 0. (2.8)
The reason why these constraints are correct is that they are just the dθ¯α˙ and dθ
α parts of the Cartan forms ωS
α
and ω¯Sα˙ (2.3), respectively. Remembering that the Cartan forms are invariant with respect to all transformations
of N = 2, d = 4 Poincare´ supergroup, we conclude that the constraints (2.8) are also covariant. Note that, with
the constraints (2.8) taken into account, one may obtain from (2.6) [11]{∇α,∇β} = {∇α˙,∇β˙} = 0, (2.9)
and thus the subsequent action of the corresponding covariant derivatives on the constraints (2.8) will not produce
any new ones.
The situation with the Bianchi identity (2.7b) is more complicated. Indeed, after imposing the covariant chirality
constraints (2.8) the dθα and dθ¯α˙ parts of the Cartan forms ωS
α and ω¯Sα˙ (2.3) contain only the quantities
Vαβ = ∇(αψβ) and Vα˙β˙ = −∇(α˙ψ¯β˙). (2.10)
Of course, one may impose the following covariant constraints
∇αψα = 0 and ∇α˙ψ¯α˙ = 0. (2.11)
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But the problem is that these constraints put our theory on-shell [5]. Unfortunately, one cannot impose the
constraint
∇αψα +∇α˙ψ¯α˙ = 0, (2.12)
because the first and second summands belong to the different Cartan forms and, therefore, being covariant can
differ again on some covariant multipliers. As the result, acting on (2.12) by ∇2 or ∇2 we will get the equations
of motion instead of identities [11] and thus, we come back to the equations (2.11). One may suppose that for the
construction of the on-shell component action of D3-brane this is not a problem and one may use the equations
(2.11), which contain the Bianchi identity and the equations of motion. However, in such a situation we will
be unable to find a proper Bianchi identity on the bosonic components of V(αβ), V (α˙β˙) and therefore it will be
impossible to find the invariant action. In the next Section we will demonstrate how this problem can be solved.
3 Curing the constraints
The idea how to find the covariant Bianchi identity is rather simple. Let us suppose that we introduced into e
tgame some additional bosonic superfield φ which enters the new Cartan forms as
ΩαS ∼ dψα − iφ dθα + . . . , ΩSα˙ ∼ dψ¯α˙ + iφ dθ¯α˙ + . . . , (3.1)
where . . . stands for all possible terms of higher orders in φ. Note that such a modification is possible if some new
generator U commutes with the supersymmetry generators Q and S as follows[
U,Qα
]
= Sα,
[
U, Sα
]
= Qα,
[
U,Qα˙
]
= −Sα˙,
[
U, Sα˙
]
= −Qα˙. (3.2)
Therefore, the forms ωQ and ω¯Q will be also changed, what is reflected in passing to a new set of covariant
derivatives ∇ → D. Now, the covariant chirality constraints (2.8) will be replaced by new ones
Dα˙ψα = 0, Dαψ¯α˙ = 0, (3.3)
while the constraints (2.11) will be modified in the linear order of φ as
Dαψ
α = iφ, Dα˙ψ¯α˙ = −iφ. (3.4)
Therefore, the covariant Bianchi identity will acquire the form
Dαψ
α + Dα˙ψ¯α˙ = 0, (3.5)
while the equation
Dαψ
α − Dα˙ψ¯α˙ = 2iφ (3.6)
will relate the first component of the superfield φ with the auxiliary field of the N = 1, d = 4 off-shell vector
supermultiplet. In other words, with the Goldstone superfield φ taken into account, we are in the off-shell situation
and the newly defined Bianchi identity (3.5) are fully covariant.
In order to realize the idea which was sketched above, we extend the coset element g (2.2) as
g → g = eixαα˙Pαα˙ei(θαQα+θ¯α˙Qα˙)ei(ψαSα+ψ¯α˙Sα˙)eiφU , (3.7)
where U is the generator defined in (3.2), while φ is the corresponding Goldstone superfield. Such a type of
modification of the coset element leads to new expressions of the Cartan forms. Firstly, the new Cartan forms
corresponding to the generators of unbroken supersymmetry ΩQ, ΩQ read
ΩαQ = cosφ dθ
α − i sinφ dψα, ΩQα˙ = cosφ dθ¯α˙ + i sinφ dψ¯α˙. (3.8)
The modifications of these Cartan forms forced us to introduce the new covariant (with respect to N = 2, d = 4
Poincare´ supergroup and U transformations) derivatives Dα,Dα˙ implicitly defined as
∇α = cosφ Dα − i sinφ ∇αψβDβ + i sinφ ∇αψ¯β˙Dβ˙ ,
∇α˙ = cosφ Dα˙ − i sinφ ∇α˙ψβDβ + i sinφ ∇α˙ψ¯β˙Dβ˙ . (3.9)
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Secondly, the forms ΩS ,ΩS corresponding to the generators of broken supersymmetry are also modified as
ΩαS =
1
cosφ
[
dψα − i sinφ ΩαQ
]
=
1
cosφ
[
ΩβQ
(
Dβψ
α − iδαβ sinφ
)
+ΩQβ˙D
β˙ψα + ωββ˙P Dββ˙ψ
α
]
,
ΩSα˙ =
1
cosφ
[
ΩQβ˙
(
D
β˙ψ¯α˙ + iδ
β˙
α˙ sinφ
)
+ ΩQ
β
Dβψ¯α˙ + ω
ββ˙
P Dββ˙ψ¯α˙
]
. (3.10)
Here, Dαα˙ is a new modified space-time covariant derivative whose explicit form is unessential for what follows.
Now, one may impose the constraints on these forms. Nullifying the ΩQ projection of the form ΩS and the ΩQ
projection of the form ΩS we will get the modified chirality constraints
Dα˙ψα = 0, Dαψ¯α˙ = 0, (3.11)
while nullifying the traces of the ΩQ projection of the form ΩS and the ΩQ projection of the form ΩS will result
in the constraints
Dαψ
α = 2i sinφ, Dα˙ψ¯α˙ = −2i sinφ. (3.12)
Thus, the constraints (3.11), (3.12) have the form we supposed in (3.3), (3.4).
Before going further, note that from the constrains (3.11) and, for example, from the first equation in (3.9) it
follows that
∇αψ¯β˙
(
δ
β˙
α˙ − i sinφ Dβ˙ψ¯α˙
)
= 0 ⇒ ∇αψ¯β˙ = 0, (3.13)
where the last equation is valid due to the non-degeneracy of the matrix in the parentheses in the first equation.
Therefore, the new chirality conditions (3.11) are equivalent to the previous ones (2.8), and, again, they are in full
agreement with the results of paper [11].
Taking into account the constraints (3.11) and (3.13), one may represent the covariant derivatives Dα,Dα˙ in
(3.9) as
Dα =
(A−1)β
α
∇β , Dα˙ =
(A−1)α˙
β˙
∇β˙ , (3.14)
where (A )β
α
= cosφ δβα − i sinφ ∇αψβ ,
(A )β˙
α˙
= cosφ δβ˙α˙ + i sinφ ∇β˙ψ¯α˙. (3.15)
Thus, we conclude that the proper covariant Bianchi identity reads(A−1)β
α
∇βψα +
(A−1)α˙
β˙
∇β˙ψ¯α˙ = 0, (3.16)
where the matrices A, A are defined in (3.15), while the equation defining the superfield φ has the form(A−1)β
α
∇βψα −
(A−1)α˙
β˙
∇β˙ψ¯α˙ = 4i sinφ. (3.17)
In practice, the equations (3.16) are not convenient, because they define the Bianchi identity in an implicit way.
In order to get a more convenient form of the Bianchi identity, one has to substitute, for example, into the first
equation of (3.12)
Dαψ
α =
(A−1)β
α
∇βψα = 2i sinφ, (3.18)
the expression for ∇βψα which follows from (3.15)
∇βψα = − i
sinφ
(
cosφ δαβ −
(A)α
β
) ⇒ Dαψα = − i
sinφ
(
cosφ Tr
(A−1)− 2) = 2i sinφ . (3.19)
The solution of the equation (3.19) may be easily found with respect to ”tanφ” and it reads
tanφ = −i B
1 +
√
1−B2 , B ≡
∇αψα
1 + 12∇βψγ ∇βψγ
. (3.20)
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Repeating the same calculations for ∇α˙ψ¯β˙ , we will get the conjugated expression
tanφ = i
B
1 +
√
1−B2
, B ≡ ∇
α˙ψ¯α˙
1 + 12∇β˙ψ¯γ˙ ∇β˙ψ¯γ˙
, (3.21)
and, therefore
B
1 +
√
1−B2 +
B
1 +
√
1−B2
= 0 ⇒ B +B = 0. (3.22)
Thus, the suitable covariant version of the Bianchi identity reads
∇αψα
1 + 12∇βψγ ∇βψγ
+
∇α˙ψ¯α˙
1 + 12∇β˙ψ¯γ˙ ∇β˙ψ¯γ˙
= 0. (3.23)
It is worth to compare the Bianchi identity (3.23) with those which have been found in the expansion on fields
up to the third order in [11]. Expanding the Bianchi identity (3.23) in a series of the fields we will get
∇αψα − 1
2
∇αψα∇βψγ ∇γψβ −
1
2
(∇αψα)3 +∇α˙ψ¯α˙ − 1
2
∇α˙ψ¯α˙∇β˙ψ¯γ˙ ∇γ˙ψ¯β˙ −
1
2
(∇α˙ψ¯α˙)3 = O(ψ5). (3.24)
Keeping in mind that on the surface of the constraints (3.24)
− 1
2
(∇αψα)3 − 1
2
(∇α˙ψ¯α˙)3 = O(ψ5), (3.25)
we will get to the third order on the fields
∇αψα − 1
2
∇αψα∇βψγ ∇γψβ +∇α˙ψ¯α˙ −
1
2
∇α˙ψ¯α˙∇β˙ψ¯γ˙ ∇γ˙ψ¯β˙ = O
(
ψ
5
)
, (3.26)
which exactly matches the Bianchi identity obtained in [11].
The last step is to check that the action of ∇2 and ∇2 of the (3.23) leads to the identities. To prove this, it is
found to be convenient to represent the results of the action on ∇α and ∇α˙ on (3.23) as
∇2ψα = −4i
1 + 12∇µψγ∇µψγ
1 + 12∇µ˙ψ¯γ˙∇µ˙ψ¯γ˙
[
∇αα˙ψ¯α˙ −∇β˙ψ¯α˙∇βψα∇ββ˙ψ¯α˙
]
,
∇2ψ¯α˙ = 4i
1 + 12∇µ˙ψ¯γ˙∇µ˙ψ¯γ˙
1 + 12∇µψγ∇µψγ
[
∇αα˙ψα −∇βψα∇β˙ψ¯α˙∇ββ˙ψα
]
. (3.27)
Now, it is a matter of straightforward but still quite lengthly calculations to check that the r.h.s. of the equations
(3.27) are covariantly chiral and antichiral, respectively. Thus we see that the Bianchi identities (3.23) are correct:
they are covariant with respect to all symmetries and do not imply the equations of motion.
4 On-shell component action
Having at hands the covariant Bianchi identity (3.23), one may try to construct the component or even the
superfield action. The resulting action is expected to be rather complicated, similarly to the superfield actions
constructed within linear realization approaches in [11, 13]. Instead, here we are going to demonstrate that the
on-shell component action of D3-brane has a very simple form. To construct such an action one has, firstly, to find
the expressions for the auxiliary components in the superfields ψα, ψ¯α˙ and the Bianchi identity on the bosonic
components Vαβ , V α˙β˙ (2.10) which follow from (3.23). Then one has to write the most general component action,
invariant with respect to broken supersymmetry and, finally, to fix the Lagrangian by imposing the invariance with
respect to unbroken supersymmetry.
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4.1 On-shell content and the bosonic Bianchi identity
It follows from the previous analysis, that going on-shell means nullifying the superfield φ:
φ = 0 ⇒ ∇αψα = ∇α˙ψ¯α˙ = 0. (4.1)
Thus, the on-shell vector supermultiplet contains the following physical components
ψα = ψα|, ψ¯α˙ = ψ¯α˙|, Vαβ = ∇(αψβ)|, V α˙β˙ = −∇(α˙ψ¯β˙)|, (4.2)
where, as usual, | means θ = θ¯ = 0 limit. The definitions (4.2) have to be supplied by the Bianchi identity needed
to treat the fields Vαβ , V α˙β˙ as the components of the field strength. Before the construction of the Bianchi identity
in a full generality, it is instructive to derive their bosonic limit. It can be done by acting with the derivatives ∇α
and ∇α˙ on (3.23) and taking the limit ψ, ψ¯ → 0 after calculations. Doing so, we will get
∂βα˙V
β
α + V
γ
β V
γ˙
α˙ ∂γγ˙V
β
α
1 + 12V
2
−
∂αβ˙V
β˙
α˙ + V
γ
α V
γ˙
β˙
∂γγ˙V
β˙
α˙
1 + 12V
2
≡ (BId)
αα˙
= 0. (4.3)
It has been already clarified in [5], that these conditions can be transformed in the conventional form of the Bianchi
identity. Indeed, evaluating the combination
(
BId
)
αα˙
+ V βα V
β˙
α˙
(
BId
)
ββ˙
and multiplying it by function(
1 + 12V
2
) (
1 + 12V
2
)(
1− 14V 2V 2
)2 ,
we will get
∂βα˙
[
V βα
1 + 12V
2
1− 14V 2V 2
]
− ∂αβ˙
[
V
β˙
α˙
1 + 12V
2
1− 14V 2V 2
]
= 0. (4.4)
Thus, the bosonic fields Vαβ and V α˙β˙ are indeed the components of the field strength, as it should be.
4.2 Fixing the action
Within our approach, the construction of the invariant component on-shell action can be performed in two steps:
• Firstly, one has to construct the most general action invariant with respect to broken supersymmetry
• Secondly, the action has to be fixed by imposing its invariance with respect to unbroken supersymmetry.
To perform the first step, let us introduce the θ = 0 limit of the vierbein Eββ˙αα˙ and the space-time derivative ∇αα˙
defined in (2.4)
Dαα˙ = ∇αα˙|θ=0 =
(E−1)ββ˙
αα˙
∂ββ˙, Eββ˙αα˙ = Eββ˙αα˙|θ=0 = δβαδβ˙α˙ − iψβ∂αα˙ψ¯β˙ − iψ¯β˙∂αα˙ψβ . (4.5)
Clearly, the vierbein Eββ˙αα˙ and the space-time derivative Dαα˙ are covariant with respect to broken supersymme-
try. Now, keeping in mind that, with respect to broken (S) supersymmetry, the coordinates and the Goldstone
superfields transform as
δSx
αα˙ = i
(
εαψ¯α˙ + ε¯α˙ψα
)
, δSθα = δS θ¯α˙ = 0, δSψα = εα, δSψ¯α˙ = ε¯α˙, (4.6)
one may immediately conclude that the most general component action which is invariant under transformations
(4.6) reads
S =
∫
d4xdet E G(V 2, V 2). (4.7)
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Here, the function G is an arbitrary function whose explicit form has to be fixed by the invariance of the action
(4.7) with respect to unbroken supersymmetry.
In order to fix the function G in the action (4.7) one has to know the transformation properties of the components
(4.2) under unbroken supersymmetry, which are defined in a standard way as
δQf = −
(
ǫαDα + ǫ¯α˙D
α˙
)
f |θ→0 = −
(
ǫα∇α + ǫ¯α˙∇α˙
)
f |θ→0 +Hλλ˙∂λλ˙f,
Hλλ˙ = −i (ǫγ ψ¯λ˙V λγ − ǫ¯γ˙ψλV γ˙λ˙). (4.8)
Thus, we have (we write explicitly only the ǫα-part)
δQψ
α = −ǫγV αγ +Hλλ˙∂λλ˙ψα, δQψ¯α˙ = Hλλ˙∂λλ˙ψ¯α˙,
δQ det E = ∂λλ˙
(
Hλλ˙ det E)+ 2i ǫγDαα˙ψ¯α˙V αγ det E ,
and
δQVαβ = 2i
1 + 12V
2
1 + 12V
2
ǫβ
(Dαα˙ψ¯α˙ + V λα V λ˙α˙Dλλ˙ψ¯α˙)+Hλλ˙∂λλ˙Vαβ ,
δQV α˙β˙ = 2i ǫ
γ
(Dγβ˙ψ¯α˙ + V λγ V λ˙β˙Dλλ˙ψ¯α˙)+Hλλ˙∂λλ˙V α˙β˙ ,
δQV
2 = −4i 1 +
1
2V
2
1 + 12V
2
ǫβ
(
V αβ Dαα˙ψ¯α˙ −
1
2
V 2 V λ˙α˙Dβλ˙ψ¯α˙
)
+Hλλ˙∂λλ˙V
2, (4.9)
δQV
2 = −4i ǫγ (V β˙α˙Dγβ˙ψ¯α˙ − 12 V 2V λγ Dλα˙ψ¯α˙)+Hλλ˙∂λλ˙V 2.
Therefore, the variation of Lagrangian entering in the ansatz (4.7) reads
δQL = δQ
[
det EG(V 2, V 2)] (4.10)
= −i detEǫβDαα˙ψ¯α˙V αβ
[
2G− 4 1 +
1
2V
2
1 + 12V
2
∂G
∂V 2
+ 2V 2
∂G
∂V 2
]
++i det EǫβDββ˙ψ¯α˙V β˙α˙
[
4
∂G
∂V 2
− 2V 2 ∂G
∂V 2
1 + 12V
2
1 + 12V
2
]
.
While obtaining (4.10) we neglected the Hαα˙-dependent terms which combine into a total divergence.
It is funny that to find the function G it is enough to consider the variation (4.10) in the first order in the
fermions ψ, ψ¯, i.e.
δQL = −i ǫβ∂αα˙ψ¯α˙V αβ
[
2G− 4 1 +
1
2V
2
1 + 12V
2
∂G
∂V 2
+ 2V 2
∂G
∂V 2
]
+ i ǫβ∂ββ˙ψ¯
α˙V
β˙
α˙
[
4
∂G
∂V 2
− 2V 2 ∂G
∂V 2
1 + 12V
2
1 + 12V
2
]
. (4.11)
Integrating by parts in (4.11) one may represent the variation of the Lagrangian as
δQL = i ǫβψ¯α˙
{
∂αα˙
[
V αβ
(
2G− 4 1 +
1
2V
2
1 + 12V
2
∂G
∂V 2
+ 2V 2
∂G
∂V 2
)]
− ∂ββ˙
[
V
β˙
α˙
(
4
∂G
∂V 2
− 2V 2 ∂G
∂V 2
1 + 12V
2
1 + 12V
2
)]}
. (4.12)
Now, it is easy to check that if we will choose the function G as
G = 1 +
(
1 + 12V
2
)(
1 + 12V
2
)
1− 14V 2V 2
, (4.13)
the expression in the curly brackets in (4.12) will coincide with the l.h.s. of the bosonic Bianchi identity (4.4), and
therefore, to this order, the action
S =
∫
d4xdet E
[
1 +
(
1 + 12V
2
)(
1 + 12V
2
)
1− 14V 2V 2
]
(4.14)
will be invariant with respect to both broken and unbroken supersymmetries.
Note that the action (4.14) is completely fixed. So, if everything was correct this action has to be invariant
under unbroken supersymmetry transformations (4.10) with all fermions taken into account. To prove this one
needs, firstly, to derive the complete Bianchi identity.
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4.3 Complete Bianchi identity
Repeating the same steps as in deriving the bosonic Bianchi identity (4.4) one may get
Dβα˙
[
V βα
1 + 12V
2
1− 14V 2V 2
]
−Dαβ˙
[
V
β˙
α˙
1 + 12V
2
1− 14V 2V 2
]
+
+2i
1 + 12V
2
1− 14V 2V 2
[
V βα Dλλ˙ψλDβα˙ψ¯λ˙ − V βα Dβα˙ψλDλλ˙ψ¯λ˙ − V σρDσγ˙ψαDγ˙ρ ψ¯α˙
]
− (4.15)
−2i 1 +
1
2V
2
1− 14V 2V 2
[
V
β˙
α˙Dλλ˙ψλDαβ˙ψ¯λ˙ − V β˙α˙Dαβ˙ψλDλλ˙ψ¯λ˙ − V σ˙ρ˙Dγρ˙ψαDγσ˙ψ¯α˙
]
= 0.
Then, multiplying this equation by det E , one finds that it can be rewritten as
∂γγ˙
[
det E (E−1)γγ˙
βα˙
V βα
1 + 12V
2
1− 14V 2V 2
− det E (E−1)γγ˙
αβ˙
V
β˙
α˙
1 + 12V
2
1− 14V 2V 2
]
=
= 2i det E
[
1 + 12V
2
1− 14V 2V 2
V σρDσγ˙ψαDγ˙ρ ψ¯α˙ −
1 + 12V
2
1− 14V 2V 2
V σ˙ρ˙Dγρ˙ψαDγσ˙ψ¯α˙
]
. (4.16)
This representation of the Bianchi identity is quite convenient but it does not have the standard form for the
genuine field strength
∂βα˙F
β
α − ∂αβ˙F
β˙
α˙ = 0. (4.17)
To bring the Bianchi identity (4.16) to the standard form, firstly, one has to rewrite the second line in (4.16) as
2i∂γγ˙
[
det E 1 +
1
2V
2
1− 14V 2V 2
V ρσ
(E−1)γγ˙
ρµ˙
(
ψαDµ˙σψ¯α˙ + ψ¯α˙Dµ˙σψα
)− det E 1 + 12V 2
1− 14V 2V 2
V ρ˙σ˙
(E−1)γγ˙
µρ˙
(
ψαDµσ˙ψ¯α˙ + ψ¯α˙Dµσ˙ψα
)]
.
(4.18)
It is not obvious that this expression coincides with the second line in (4.16). The differences of these two expressions
contains undifferentiated fermions ψ and ψ¯. Let us consider the ψ-dependent terms (the consideration of ψ¯-
dependent terms going in the same way) which read
2iψα∂γγ˙
[
det E(E−1)γγ˙
ρµ˙
V ρσ
1 + 12V
2
1− 14V 2V 2
− det E(E−1)γγ˙
σρ˙
V
ρ˙
µ˙
1 + 12V
2
1− 14V 2V 2
]
Dσµ˙ψ¯α˙ +
+2iψα det E
[
1 + 12V
2
1− 14V 2V 2
V ρσDρµ˙Dµ˙σψ¯α˙ −
1 + 12V
2
1− 14V 2V 2
V ρ˙σ˙Dµρ˙Dµσ˙ψ¯α˙
]
. (4.19)
Now, one should use the identity (4.16) again to rewrite the first line in (4.19), and note, that the symmetrized
double derivatives in the second line are actually commutators, D(σγ˙Dγ˙ρ) = 12
[D(σγ˙ ,Dγ˙ρ)], that are already known
(2.6). Taking all this into account, one may check that all terms in (4.19) completely cancel each other.
Before combining the expressions (4.16) and (4.18) together, note that combinations of fermions and their
derivatives in (4.18) can be written in terms of the inverse fierbeins
(E−1)ββ˙
αα˙
as
i
(
ψαDµ˙σψ¯α˙ + ψ¯α˙Dµ˙σψα
)
= ǫαβǫα˙β˙ǫ
µ˙σ˙
[(E−1)ββ˙
σσ˙
− δβσδβ˙σ˙
]
. (4.20)
Finally, the Bianchi identity acquires the form
∂γγ˙
[
det E V ρσ 1 +
1
2V
2
1− 14V 2V 2
ǫµ˙σ˙
(E−1)γγ˙
ρµ˙
(E−1)ββ˙
σσ˙
− det E V ρ˙σ˙ 1 +
1
2V
2
1− 14V 2V 2
ǫµσ
(E−1)γγ˙
µρ˙
(E−1)ββ˙
σσ˙
]
= 0. (4.21)
The close inspection of terms
V ρσǫµ˙σ˙
(E−1)γγ˙
ρµ˙
(E−1)ββ˙
σσ˙
and V ρ˙σ˙ǫµσ
(E−1)γγ˙
µρ˙
(E−1)ββ˙
σσ˙
(4.22)
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shows that they are antisymmetric over interchanging of the indices {ββ˙} and {γγ˙}. Therefore, the product of two
E terms splits into two parts which are proportional to ǫβγ and to ǫβ˙γ˙ , respectively. Taking this into account, one
may finally write down the genuine physical field strengths
Fαβ = −1
2
{
det E 1 +
1
2V
2
1− 14V 2V 2
V ρσ
[(E−1)βλ˙
ρµ˙
(E−1)αµ˙
σλ˙
− (E−1)βλ˙
ρλ˙
(E−1)αµ˙
σµ˙
]
−
− det E 1 +
1
2V
2
1− 14V 2V 2
V ρ˙σ˙
[
ǫλ˙τ˙ ǫ
µν
(E−1)βλ˙
µρ˙
(E−1)ατ˙
νσ˙
]}
,
F
α˙β˙
= −1
2
{
det E 1 +
1
2V
2
1− 14V 2V 2
V ρ˙σ˙
[(E−1)λβ˙
µρ˙
(E−1)µα˙
λσ˙
− (E−1)λβ˙
λρ˙
(E−1)µα˙
µσ˙
]
−
− det E 1 +
1
2V
2
1− 14V 2V 2
V ρσ
[
ǫλτ ǫ
µ˙ν˙
(E−1)λβ˙
ρµ˙
(E−1)τα˙
σν˙
]}
, (4.23)
which obey the conventional Bianchi identity (4.17).
Let us note that the contribution of V ρ˙σ˙ in Fαβ is purely fermionic; indeed, neglecting all fermions, the respective
combination of E−1-symbols reduces to ǫρ˙σ˙ and thus disappears. However, the terms quadratic in fermions lead to
a non-zero contribution:
iV ρ˙σ˙
[
ψβDαρ˙ ψ¯σ˙ + ψ¯σ˙Dαρ˙ψβ + ψαDβσ˙ψ¯ρ˙ + ψ¯ρ˙Dβσ˙ψα
]
. (4.24)
Let us finally note, that the slightly complicated form of the genuine field strength in (4.23) is a result of using
the spinor notation. Passing to the vector notation
F˜AB =
1
2
ǫABCDFCD, W˜
AB =
1
2
ǫABCDWCD, (4.25)
where
F˜AB =
1
2
[(
σAB
)αβ
Fαβ +
(
σ˜AB
)α˙β˙
F α˙β˙
]
(4.26)
and
W˜AB =
1
2
[(
σAB
)αβ 1 + 12V 2
1− 14V 2V 2
Vαβ +
(
σ˜AB
)α˙β˙ 1 + 12V 2
1− 14V 2V 2
V α˙β˙
]
, (4.27)
one may rewrite the relations (4.23) as
F˜AB = det E(E−1)A
C
(E−1)B
D
W˜CD. (4.28)
Note that, being written in terms of WAB (4.27), the action (4.14) acquires the familiar form of the Born-Infeld
action
S =
∫
d4xdet E
[
1 +
√
1 +
1
2
WABWAB − 1
16
(
WABW˜AB
)2 ]
, (4.29)
and thus it gives the component action of the famous N = 1, d = 4 supersymmetric Born-Infeld theory [12].
4.4 Complete proof of the invariance with respect to unbroken supersymmetry
Now we are ready to prove the invariance of the supersymmetric Born-Infeld action (4.14) under unbroken super-
symmetry. Substituting the function G (4.13) into the variation (4.10) we will get
δQL = −2i det EǫαDβα˙ψ¯α˙V βα
1 + 12V
2
1− 14V 2V 2
+ 2i ǫαDαβ˙ψ¯α˙V β˙α˙
1 + 12V
2
1− 14V 2V 2
. (4.30)
9
Integrating by parts and discarding total derivatives, one finds that
δL = 2i ǫαψ¯α˙∂γγ˙
[
det E (E−1)γγ˙
βα˙
V βα
1 + 12V
2
1− 14V 2V 2
− det E (E−1)γγ˙
αβ˙
V
β˙
α˙
1 + 12V
2
1− 14V 2V 2
]
. (4.31)
Remarkably, the variation of the Lagrangian is not proportional to the Bianchi identity (4.16), as one may expect.
However, using the Bianchi identity (4.16) this variation (4.31) can be simplified to be
δL = −2 detE V σρ Dσγ˙
(
ǫαψα
)Dργ˙(ψ¯α˙ψ¯α˙) 1 + 12V 2
1− 14V 2V 2
+ 2detE V ρ˙σ˙Dρρ˙
(
ǫαψα
)Dρσ˙(ψ¯α˙ψ¯α˙) 1 + 12V 2
1− 14V 2V 2
. (4.32)
Once again, integrating by parts to remove the derivative from (ǫαψα) and using once more the identity (4.16), we
will obtain
δL = 4i det E (ǫαψα)Dλλ˙(ψ¯α˙ψ¯α˙)[ 1 + 12V 2
1− 14V 2V 2
V σρDργ˙ψλDγ˙σψ¯λ˙ −
1 + 12V
2
1− 14V 2V 2
V σ˙ρ˙Dγσ˙ψλDγρ˙ ψ¯λ˙
]
+
+2detE (ǫαψα)[V σρ Dσγ˙Dργ˙(ψ¯α˙ψ¯α˙) 1 + 12V 2
1− 14V 2V 2
− V ρ˙σ˙Dγρ˙Dγσ˙
(
ψ¯α˙ψ¯α˙
) 1 + 12V 2
1− 14V 2V 2
]
. (4.33)
Finally, replacing in the second line the double derivatives acting on
(
ψ¯α˙ψ¯α˙
)
by the commutator D(σγ˙Dγ˙ρ) =
1
2
[D(σγ˙ ,Dγ˙ρ)], and using the expression for this commutator (2.6) one may check that all terms in (4.33) cancel
out. Thus, the action (4.14) is invariant with respect to both broken and unbroken supersymmetries.
5 Conclusion
In this paper, following the approach developed in [6, 7], we derive the component on-shell action of the space-
filling D3-brane, i.e. N = 1 supersymmetric Born-Infeld action. In contrast with the cases of p-branes where
irreducibility constraints can be immediately covariantized, the direct covariantization of the Bianchi identity within
the standard scheme leads to the equations of motion. To overcome this problem, we introduced an additional
Goldstone superfield associated with the generator of the automorphism transformation of the fermionic part of
N = 2, d = 4 Poincare´ superalgebra. The first component of this superfield is the auxiliary field of the vector
supermultiplet and thus, being in an off-shell situation, one may obtain the covariant Bianchi identity and thus
derive the component action. Of course, the on-shell component action for the N = 1 Born-Infeld theory can be
constructed from the superfield one [12, 11, 13]. However, the action obtainable in such a way will contain a long
tail of fermionic terms without any visible symmetry, whereas in the present approach all fermionic terms combine
into covariant, with respect to broken supersymmetry, objects: covariant derivatives and vierbein. The D3-brane
component action, being written in terms of these covariant objects, has a very simple form. Similarly to the cases
of p-branes, it mimics the bosonic Born-Infeld action.
In addition, the present results and the idea to introduce into the game some additional Goldstone superfields to
go off-shell are the good start point to re-consider N = 2, d = 4 Born-Infeld theory, with the hidden spontaneously
broken N = 2 supersymmetry [15, 16, 17] within the nonlinear realization approach.
Acknowledgments
The work of N.K. and S.K. was supported by RSCF grant 14-11-00598. The work of A.S. was partially supported
by RFBR grant 15-52-05022 Arm-a.
References
[1] E. Ivanov, Superbranes and Super Born-Infeld Theories as Nonlinear Realizations, Theor.Math.Phys. 129
(2001) 1543; Teor.Mat.Fiz. 129 (2001) 278; arXiv:hep-th/0105210.
10
[2] S.R. Coleman, J. Wess, B. Zumino, Structure of phenomenological Lagrangians. 1, Phys.Rev. 177 (1969) 2239,
C. Callan, S.R. Coleman, J. Wess, B. Zumino, Structure of phenomenological Lagrangians. 2, Phys.Rev. 177
(1969) 2247.
[3] D.V. Volkov, Phenomenological Lagrangians, Sov.J.Part.Nucl. 4(1973) 3;
V.I. Ogievetsky, Nonlinear realizations of internal and space-time symmetries, In Proceedings of the Xth
Winter School of Theoretical Physics in Karpacz, Vol.1, p.117, 1974.
[4] D.V. Volkov, V.P. Akulov, Is the Neutrino a Goldstone Particle? , Phys.Lett. B46 (1973) 109.
[5] S. Bellucci, E. Ivanov, S. Krivonos, Superworldvolume dynamics of superbranes from nonlinear realizations,
Phys.Lett. B482 (2000) 233; arXiv:hep-th/0003273.
[6] S. Bellucci, S. Krivonos, A. Sutulin, Supersymmetric component actions via coset approach, Phys.Lett. B726
(2013) 497; arXiv:1306.1115[hep-th].
[7] S. Bellucci, S. Krivonos, A. Sutulin, Coset approach to the partial breaking of global supersymmetry, Springer
Proc.Phys. 153 (2014) 205; arXiv:1401.2613[hep-th].
[8] S. Bellucci, N. Kozyrev, S. Krivonos, A. Sutulin, Partial breaking of global supersymmetry and super particle
actions, JHEP 1401 (2014) 154; arXiv:1309.3902[hep-th] .
[9] S. Bellucci, S. Krivonos, A. Yeranyan, Supermembrane in D=5: component action, JHEP 1405 (2014) 142;
arXiv:1312.0231[hep-th].
[10] S. Bellucci, N. Kozyrev, S. Krivonos, A. Sutulin, Component on-shell actions of supersymmetric 3-branes: I.
3-brane in D = 6, Class.Quant.Grav. 32 (2015) 3, 035025; arXiv:1409.0641[hep-th];
Component on-shell actions of supersymmetric 3-branes II. 3-brane in D=8, Class.Quant.Grav. 32 (2015) 11,
115008; arXiv:1411.7550[hep-th].
[11] J. Bagger, A. Galperin, New Goldstone multiplet for partially broken supersymmetry, Phys. Rev. D 55 (1997)
1091, arXiv:hepth/9608177.
[12] S. Cecotti, S. Ferrara, Supersymmetric Born-Infeld Lagrangians, Phys. Lett. B187 (1987) 335.
[13] M. Rocˇek, A.A. Tseytlin, Partial breaking of global D=4 supersymmetry, constrained superfields, and 3-brane
actions, Phys.Rev. D59 (1999) 106001, arXiv:hep-th/9811232.
[14] J. Wess, J. Bagger, Supersymmetry and Supergravity, Princeton University Press, Princeton, 1992.
[15] S. Bellucci, E. Ivanov, S. Krivonos, N=2 and N=4 supersymmetric Born-Infeld theories from nonlinear real-
izations, Phys.Lett. B502 (2001) 279; arXiv:hep-th/0012236;
Towards the complete N=2 superfield Born-Infeld action with partially broken N=4 supersymmetry, Phys.Rev.
D64 (2001) 025014; arXiv:hep-th/0101195.
[16] S.M. Kuzenko, S. Theisen, Nonlinear Selfduality and Supersymmetry, JHEP 0003 (2000) 034,
arXiv:hep-th/0007231.
[17] E. Bergshoeff, F. Coomans, R. Kallosh, C.S. Shahbazi, A. Van Proeyen, Dirac-Born-Infeld-Volkov-Akulov and
Deformation of Supersymmetry, JHEP 1308 (2013) 100; arXiv:1303.5662[hep-th].
11
